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UNSTABLE GROUND STATE

OF NONLINEAR KLEIN-GORDON EQUATIONS

BY

JALAL SHATAH

Abstract. In this paper we prove the instability of the ground state, i.e. least energy

steady-state solution of nonlinear Klein-Gordon equations with space dimension

n » 3.

0. Introduction. We present here a proof of instability of the "ground state", the

least energy steady-state solution of the equation

(0.1) m„ - Am +/(|w|)argw = 0,       ^eR",o3.

The instability of the ground state is shown for very general nonlinearities /. The

only assumptions on / are those that insure the existence of a nontrivial steady state

solution of (0.1). If we denote the ground state by ue, then we have

Theorem. Let u(t) be a solution of(Q.\) such that u(0) = u0, u,(0) = ux. Then there

are initial data (u0,ux) arbitrarily close to (ue,0) and a sequence (tk) such that

\\u(tk)\\ -» oo as k -» oo.

The theory of linearized stability gives a clue to the instability of the ground state

since the linearized equation v„ - Av + f'(ue)v = 0 has a negative eigenvalue.

The stability question was first considered by Derrick [3] who formally used the

linearized stability argument to show that the ground state is unstable. There are

several results on blow up for special nonlinearities such as Payne and Sattinger [6]

and Berestycki and Cazenave [2]. However for certain nonlinearities the solutions do

not blow up in finite time but exist globally in time. Therefore to solve this problem

we are forced to introduce a new estimate that shows the instability of the ground

state without blow up for all types of nonlinearities.

The existence of the ground state is basically due to Walter Strauss [10]. However

in the most general setting (and this is the case we are dealing with here) this result is

due to H. Berestycki and P. Lions [12].

The method we use for obtaining the ground state is that of Clayton Keller who

studied the flow of the equation utt + u, — Au + f(u) = 0 near a stationary state.

Keller showed that the stationary state is a saddle point with an infinite dimensional

stable manifold and a nonempty finite dimensional unstable manifold.

Finally it is interesting to compare this result with the "degenerate" one-dimen-

sional case. In this case it is well known that there are stable stationary solutions and

even solitons, as in the case of the equation uH — uxx + sin u = 0.
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I would like to thank Professor Walter Strauss for his helpful remarks.

Notation. We employ here the standard notations

H}(R") = I u, radially symmetric functions on R",

,1/2

llMll -    /  |v«(x)|  dx + j  \u(x)\  dx\      < oo),

Lf(R") = lu, radially symmetric functions on R",

If p     \1/p
\u\p =    I  \u(x)\  dx\      < oo

ur = du/dr for u e ZZr'(R"), where r = |x|, x e R" and arg u = u/\u\.

1. Existence of a nontrivial stationary solution. In this section we show the

existence of a nontrivial solution to the problem

(1.1) -A«+/.(|«|)arg« = 0,       xeR",   n > 3,

where f(\u|) satisfies the following assumptions:

(i)/(0) = 0and/'(0)= 1.

(ii)lim/(|wP/|M|/> 0 as |w| -> oo, I = 1 + 4/(n - 2).

(iii)There is a « such that G(|m|) < 0, where G'(\u\) = /(|«|) and G(0) = 0.

In this generality this problem was solved by H. Berestycki and P. Lions [12]. For

the purpose of showing instability we present here a proof by a method of C. Keller

[5]. First we set up a minimization problem of a functional J(u) restricted to a

manifold M and then show that this minimum is a solution of (1.1).

Definition 1.1.

Í 2 C
F(m) = -z f   |vm|  dx + I G(\u\) dx,

K(u) = ^-J^-f Ivu^ax + nj G(\u\) dx,

M = {u e H}\ Kiu) = 0, u * 0}.

The space H}(R" ) has the following property.

Lemma 1.2. Let u s H}(R"). Then

|w(.x)| < Cn\x\ \\u\\    a.e.,

where Cn depends only on n, and the inclusion map

///(R") ^ L/"(R"),       2 < p < 2 + A/in - 2),

is compact.

Proof. See Strauss [10].

Lemma 1.3. // u0 e ///(R") and fG(\u0\)dx < oo «a solution of (1.1), ?/<erc

F(Wo) = 0.
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Proof. Let uß(x) = u0(x/ß). Then

1   ZI-.. I2,..   ,    ^/Lll;A"/?) = 2/ \vuß\2dx + J G(\uß\) dx = £y~ f Wuçyf dx + ßnj G(|t/0|) ox.

Since m0 is a solution of (1.1), then 6\/(n0) = 0, or d(J(uß))/dß\ß = l = 0. But

d{Jiuß)) n-2

2i=i
j |vm0I  ^ + "/ G(|«oI) <&•

48

ThenAf(w0) = 0.

Lemma 1.4. M is aCl hypersurface in H}(R") bounded away from zero.

Proof. Since

M = lu:K(u) = ^Y^-j \vu\2dx + nj G(|u|) dx = 0, u * o]

and/= G' is continuous, then A^(w) is a C1 functional. Now consider u0 e ZZ^R")

such that 8K(u0) = 0

(1.2) -(«-2)Aw0 + H/(|w0|)argw0 = 0.

Then by Lemma 1.3 applied to equation (1.2) we have

(1.3) (" ~ 2)  / \vu0\2dx + n2f G{\u0\) dx = 0.

Therefore if AT(m0) = 0 we have from (1.3)

(n ~ 2)    f 1        ,2 ,       «(« - 2)  /• .        ,2
-—2~J  lV"°l  dx-2— J   'VM°'        =

and this implies w0 = 0. Hence for w0 G Ai, SA^(w0) # 0 and M is a C1 hypersurface.

Finally since/'(0) = 1 and lirn/(|«|)/|«|' 3* 0, 7 = 1 + 4/(« - 2), we have G(|u|) >

|«|2/4 - C0\u\l+1. Therefore""

,,,   v       n - 2  r .      .2 ,        1   /• i   ,2  ,        _ / ,  ,/+i ,
K(u) > —=— /   |Vw|  dx + -7 j   \u\  dx — C0 I   \u\      dx.

From Sobolev embedding and n > 2 we have K(u) ^ ||h||2/4 - C0||«||a where

a > 2. For 0 < ||u|| < e, e small, we have K(u) > 0 and this implies that M is

bounded away from zero.

Proposition 1.5 (existence of the ground state). The minimization problem

J0 =   inf J(u) = inf(- f \vu\2dx, K(u) = 0, u * ol
«e« ( « / )

which is equal to

J0 = inf/ — Í \vu\2 dx, K(u) a 0, w * 0

ii attained at u3 = M(«fe ZZ/iR")).
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Proof. First we establish the equivalence of the two minimizations. For any

v0 e H}(R") such that K(v0) < 0 let vß(x) = v0(x/ß). Then

K(vß)= ß"    (2n~2)/ \vv0\2dx + ß"nf Gi\v0\)dx.

Now for ß = 1, K(vx) = K(v0) < 0 and for ß close to zero K(vß) > 0 since

n - 2 > 0. Therefore there is a ß0 g (0,1) such that Ä^ ) = 0 (i.e. vß g M). But

r/        ̂  !    /•   I I2 j AT2   f  | |2   . 1    /•  i ,2
■f(ty0) = -J   |Vty0|   ¿x = —— J  \W0\  dx< -J  \W0yQ|    dX

since /30 g (0,1). Consequently the two minimizations are equivalent.

Let Uj e H}(R") be a minimizing sequence. Then / \VUj\2dx is bounded. Since

lim f(\u\)/\u\' > 0, there is Cf > 0 such that G(|w|) > \u\2/4 - Cf\u\l+l. Therefore

n-2
0 > K(Uj) = ~— j \vuj\  dx + nf g(\uj\) dx

n — 2  r \       i2,        «r,    ,2 „/"i    i'+i
>   —2~ J    |V«y|   ̂  +   4 J    l«;l   ̂  - CfJ   \Uj\ dx.

By the Sobolev embedding ///(R") ■-» L^+1(R") and the boundedness of / \vuy\2 dx

we have ||w .|| is bounded. Therefore there is a subsequence, also denoted by m-, such

that

«yIii,e/£(*■)

and

Uj -* ue<s Lrp(R"),        2 < p < 2 + 4/(n - 2)    (by compactness).

Now by lower semicontinuity of weak limits and assumption (ii) we have

— /  IvmJ   dx <  lim   — /  |vw,|   dx = Jn
n J e -   n J   '      J[ u

and K(ue) < lim K(uj) < 0. By the definition of JQ the above inequalities are

equalities and the weak convergence is strong.

Theorem 1.6.

(1.1) -Aw+/(|w|)arg« = 0

has a nontrivial (least energy) solution, namely ue.

Proof. Since ue is a critical point of J(u) restricted to M, by the Lagrange

multiplier we have

8J(ue)+t,8K(ue) = 0,    t,gR,

or

(1.4) -Aue+fi\ue\)argue + t,(-(» - 2)Aue + nf i\ue\)arg ue) = 0.
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Vu

- J=Jr

K=0

Figure 1

By Lemma 1.3 we have

K(ue) +ij
in - 2)2

j \vufdx + n2f Gi\ue\)dx

or

(1.5)       K(u.) + v
in-2)2       njn - 2)

J  \\7ue\  dx + nKiue) = 0.

But Kiue) = 0 since ue g M. Hence 17/ |Vue\2 dx = 0 and this implies that r/ = 0

and ue is a solution of (1.1).

Remark. If we draw the picture in the space ZZ/iR") of K(u) = 0 and J(u) = J0

(which is not a manifold) we get formally Figure 1.

2. Instability of the ground state. Consider the Cauchy problem for equation (0.1)

u„- Aw+/(|w|)argw = 0,

«(0) = «0e H}iW),       u,(Q) = uxœ L2(R").

Definition 2.1. Let Ar={«GZZr1;  fG(\u\)dx< 00}  and define the energy

functional for equation (0.1) as

1  f     2
F(«, v) = - J  \v\  dx + /(«),        u g X, v g L2,

Rx = (t/G X, v G L2y.Eiu,v) <J0andKiu) > 0} U((0,0)}

= \«g A', ugL2 :£(«,(;)< 70and — / | v«|  ¿ftc < 70 >,

Zv2 = [u^ X,ve L2: Eiu,v) < JQ and Af(«) < 0, « # 0}

= I m g X, fj g L2: £(«, y) < y0and - f \vu\ dx > J0\.

The Cauchy problem does not necessarily have strong solutions w(-) g C([0, T), H1)

and m,(') g C([0, F), L2) for the type of nonlinearity we are considering.
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Definition. By a solution of (0.1) on the time interval [0, F) we mean a function

u(x, t) such that:

(1) u (resp. ut) is weakly continuous in t on [0, F) with values in H}(R") (resp.

L2(R")).

(2)E(u(t),u,(t))^E(uQ,ux).

(3) u satisfies (0.1) in the sense of distributions.

If u0 G X, m, G L2 and / satisfies (ii) of §1, then a solution exists on some time

interval [0, F). Moreover if/ satisfies the weak hypothesis (basically |«|/(|w|) >

—C|w|2 for u large), then the solutions exist globally in time [8]. Uniqueness is also

not known for general/[4, 8], neither is regularity when u0 and ux are smooth [8].

We multiply equation (0.1) by 4>m(r, t)ür, where

4>mir,t) = rHim - r) +(ln(m)r/ln(r))(ZZ(r - m) -Hir-(t+ 2m)))

+ (ln(m)(t + 2m)/ln(t + 2m))H(r -(t + 2m))

and H(s) = 1, i > 0, H(s) = 0, s < 0, In is the natural log function, and take the

real part

(2.1)    -j Re *„«,«,<& + jf      («k|2/2 -(« - 2)|v«|2/2 - nG(\u\)) dx

+ f (hu»/ln(r))(/i|w,|2/2 -(« - 2)|vw|2/2 - nC?(|«|)) dx
Jm<r<2m + t

- [ (ln(w)/ln2(r))(|«,|2/2 +\vu\2/2 - G(|w|)) i/x

+ f Reelm5rMr + e2m(|«,|2-|vM|2 + 2G(|M|))Ä = 0,

where |e/m(r, /)| < C for r > 2w + i. Integrating with respect to t we obtain

(2.2)

f Reç,Jr,t)ûru,dx- f Re*m(r,0)«r(0)M,(0) dx

=  V f      (-n\u,\2/2 +(n - 2)\vu\2/2 + nG(\u\)) dxds

+ V ( (ln(m)/ln(r))(-«|w,|2/2 +(n - 2)|v«|2/2 + G(|m|)) dx ds
•'0   Jm<r<2m + s

+ (' f (ln(m)/ln2(r))(\u,\2/2 +\vu\2/2 - G(\u\)) dx ds
•'0 ^m<r<2m + s

+ ('  f Re\elmUru, + e2m(\u,\2 -\vu\2 + 2G(|«|))
•'0   Jr>2m + s l

dx ds.

Equation (2.2) is all that is needed to show instability of the ground state and in the

appendix we will show that (2.2) holds for radial solutions as defined.
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Lemma 2.2. Rx and R2 are invariant regions under the flow of (0.1) for the solutions

that satisfy the energy inequality.

Proof. We will show this by contradiction. Let (u0, ux) g Rx and assume there is

a t0 such that (u(t0), u,(t0)) £ Rx. By lower semicontinuity of K(u(t)) there is a

minimal r, such that (u(tx), u,(tx)) í Rx, i.e. K(u(tx)) < 0 and K(u(t)) > 0, 0 < t

< tx. Now

- I  |VM(f,)l   dx <   lim _/ |V"(0l   dx

t<t.

<   lim   - /" |v«(i)l  dx + -K(u(t))

t<t.

and therefore

1  f 2
-/  | Vw(r1)|  dx <   limy(w(0)<   lim £(m(Q, «,(/)) < /0.

But we also have /^(«(i,)) < 0 and this contradicts the definition of J0 as the inf of

(ï/n)j \Vu\2dx restricted to K(u) ^ 0 and u ¥= 0. Therefore Rx is an invariant

region. Similarly we can show that R 2 is also invariant.

Theorem 2.3. Consider solutions of (0.1) ínaí are radially symmetric and satisfy the

energy inequality with Cauchy data (u0, «,) G R2. Then either

(i) the solutions exist only locally in time [0, F0), F0 < oo, with ||«(?„)ll -» oo ai

/„ —y T0for some sequence (tn), or

(ii) the solutions exist globally [0, oo) and 3 a sequence tn -* oo swc« í/)aí ||«(í„)|| -*

oo as í„ -» oo.

/n either case the ground state is unstable.

Proof. Statement (i) is just a consequence of the local existence of the solution [8].

Now we show (ii) by contradiction. Assume that the solution remains bounded in

H^(R"). Then there is an e > 0 such that K(u(t)) < -e \ft since otherwise we would

have a sequence (tk) such that (since R2 is invariant) K(u(tk)) -» 0.

\j | Vu(tk)\2dx = J(u(tk)) - \K(u(tk)) < E(u0, ux) - \K(u(tk))

w .
and if we extract a weakly convergent subsequence u(tk)^u* g ZZ/(R"), u(tk) -> u*

g Lf, 2 < p < 2 + 4/(n - 2), we get

1    /• 2
— f  |Vm*|  dx «i E(u0, ux) < JQ

(since (m0, ux) g R2) and K(u*) ^ 0. But this contradicts the definition of /„.

Therefore such an e exists.
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Now from Lemma 1.2 we have \u(r, t)\ < C„\\u(t)\\r(l'")/2 < C„Cr(1-"V2 and

this implies

C\u(r,t)\

■'o

Now the right-hand side of equation (2.2) can be bounded above as follows:

G(|«(r,0|)=  f"ir',)[fis)ds>0   for/-large.

f (/iln(m)/ln(r)-ln(™)/(ln(r))2)G(|«|)dJt < «/"      G(|h|) dx,
Jm <r<2m + t *m<r

f (in - 2)ln(w)/(21n(r)) +ln(w)/2(ln(/-))2)|v«|2i/x
Jm<r<2m + t

n - 2  r       |      ,2 1 r       .      .2
< —;— 1        |Vw|   dx + ——-—r- / Vu   dx,

1     Jm<r 21n(w) Jm<r

I í\üru,\ +\u,\2 +\vu\2 +|G(|w|)|) dx

<C0\f        \vu0\2+\ux\2 + Gi\u0\) dx
\J2m<r

since radial solutions are strong outside a light cone containing the origin and

therefore can be estimated by the initial data at the base. Consequently (2.2) will be

bounded above by

j R&$m(r,t)ürir,t)u,(r,t)dx- f Re<t>mir,0)uruxdx

(2.3) <  (' (K(u(s)) + ——,    r f      \\7u\2dx
y     ' h 2lnim)Jm<r

+ CX f       (\vu0\2 + \u0\2 +\ux\2 + G(|«0|)) dx) ds.
J2m<r X '        '

Choose m large enough so that

2tabo / |vm|2^ < v CiL<r('VM°|2+k|2+G(ki))dx * i

Since K(u(t)) < -e equation (2.3) becomes

(2.4) f Re4,mUru,dx - f Re4>m(r,0)u0ruxdx < -et/2

but \à>m(r, t)\ < Cr/ln(0 for t large. Then (2.4) implies that

|vu(r)|2M0|2 > c(e)M')    for í large.

This contradicts the assumption that u(t) is bounded in H}(R"). Therefore there is a

sequence (?„) such that ||w(r„)|| -» oo.

Finally to show that this implies instability we note that for u0(x) = ue(x/X),

X > 1, ux(x) = 0, we have («0, ux) g R2 and is close to the ground state.
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Remark. It is worthwhile noticing that if the initial data are in Rx then there is a

global solution with this initial data. To see this by the energy inequality we have

— /  \u,\  dx + — ¡ I Vwl  dx -\-K(u) < Fn
2/ n J n

and since Rx is invariant, then K(u(t)) > 0 Vr. Therefore

- ( \uf dx + - ( \\7u\2 dx ^J0   and    J G(\u(t)\) dx

are bounded and this implies that we can find a global solution.

Appendix. To show that (2.2) holds for weak radial solutions we will follow the

method of Strauss [11] to prove that the solutions are continuous in / off the origin.

Lemma A. For every 8 > 0 the weak radial solutions u are

MGC([0,F),ZZr1(R"\fis)),        M,GC([0,F),L2(R"\Z?s))

for all T where the solutions exist [Bs = {r, r < 8}].

Proof. Let pk be an approximate identity and uk(t) = pk * u(t). Then uk(t) -»

u(t) in ZZ^R"). Let Xs(r) De a smooth function such that Xs(r) = 0, r < 8/2, and

Xs(r)=l,r>8.

Convoluting equation (0.1) with pk we obtain

(A.l) uk„- Auk + pk*f(\u\)argu = 0.

Multiply (A.l) by X«w*,to 8et

1 d  r (, ■   ,2    ,       ,2\
-yjA IK»I   +|v«t| jXgdx

(A.2) l Üt J

- J Re{x»{pk* fX\«\))% + Xtr"krÜkt) dx = °-

Now since u g L°°([0, F), ZZ^R")) and is radially symmetric, then by Lemma 1.1

\u(r, t)\ < c   for   r > 8   and   this   implies   that   XsiPk * f(\uD) ~* X«/(l"l) e

L°°([0, F), L2(R")) and passing to the limit as k -* oo in (A.2) we get the desired

result.

Lemma B. Equation (2.2) holds for weak radial solutions.

Proof. As before we work with equation (A.l). Multiply (A.l) by

'Ps,m(r't)ûkr(r,t) where

10, r<8,

*a,mir,t)=Ur-8)m/im-8),    8 < r < m.
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</>m(r, r) is defined in §2. Then we have

■Jtj  Re^S,mUkrUk,dx  -   /   Re*PS,m,UkrUk,dx

(A.3)

+ </>""V..m)> J/lr'^dx

-j ((« - l)^jm/r -(r"" ^8,m)r/2r"-l)\vuk\2dx

+ j Repk*fi\u\)argu^Smukrdx = 0.

As before we integrate with respect to / and take the limit as k ~* oo where each

integral term converges to its proper value:

/ pk* fi\u\)aigu$8,mükrdx -» j fi\u\)argui>s Jirdx

= -n j m/im — 5)G(|w|) dx + terms independent of 8.
■'8<r<m

Let 8 -» 0. Then from the above equation and (A.3) we obtain equation (2.2).
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